Abstract. Let G be a topological group and let µ be the Lebesgue measure on the interval [0, 1] . We let L 0 (G) to be the topological group of all µ-equivalence classes of µ-measurable functions defined on [0,1] with values in G, taken with the pointwise multiplication and the topology of convergence in measure. We show that for a Polish group G, if L 0 (G) has ample generics, then G has ample generics, thus the converse to a result of Kaïchouh and Le Maître.
Introduction
Let G be a topological group, and let µ be the Lebesgue measure on the interval [0, 1]. We define L 0 (G) to be the topological group of all µ-equivalence classes of µ-measurable functions on [0,1] with values in G. The multiplication in L 0 (G) is pointwise, and the topology is of convergence in measure; a basic neighbourhood of the identity is of the form {f ∈ L 0 (G) :
where V is a neighbourhood of the identity in G and ǫ > 0. Groups of the form L 0 (G) were first considered by Hartman and Mycielski [6] , who used them to show that every topological group can be embedded into a connected one. In fact, L 0 (G) is a path-connected and locally-path connected group. In recent years, L 0 (G) groups and their generalizations, where instead of a non-atomic probability measure we consider a diffused submeasure, have attracted attention of a number of researchers. For example, Glasner [3] , Pestov [14] , Pestov-Schneider [16] , Farah-Solecki [2] , and Sabok [18] , studied extreme amenability for such groups. Solecki [22] classified all unitary representations of L 0 (S 1 ), where S 1 is the circle equipped with the usual operation of adding angles. Kaïchouh and Le Maître [9] gave the first examples of connected Polish groups that have ample generics, all of the form L 0 (G). As a matter of fact, this result was the original motivation for our paper.
A Polish group, that is a separable and completely metrizable topological group, G has ample generics if it has a comeager diagonal conjugacy class for every n, that is, if for every n ≥ 1 the n-diagonal conjugation action of G on G n , given by g.(h 1 , . . . , h n ) = (gh 1 g −1 , . . . , gh n g −1 ), has a comeager orbit. This notion was first studied by Hodges, Hodkinson, Lascar, and Shelah in [5] , and later by Kechris and Rosendal in [10] . It is a very strong property: a group G with ample generics has the small index property, every homomorphism from G into a separable group is continuous, every isometric action of G on a separable metric space is continuous, and there is only one Polish group topology on G. Surprisingly, many automorphism groups do have ample generics, among the examples are the automorphism groups Aut(M) of the following countable structures M: the random graph (Hrushovski [7] ), the free group on countably many generators (Bryant and Evans [1] ), arithmetically saturated models of true arithmetic (Schmerl [20] ) or the countable atomless Boolean algebra (Kwiatkowska [11] ).
On the other hand, until recently, it was not known whether there exist Polish groups with ample generics that are not isomorphic to the automorphism group of some countable structure (i.e., non-archimedean groups). Kaïchouh and Le Maître [9] (see also Malicki [12] ) showed that if a Polish group G has ample generics, then the Polish group L 0 (G) (which, being connected, is never non-archimedean) has ample generics as well. It is a natural question whether the converse to their result holds. In Section 3, we will give a positive answer to it (Corollary 3.2).
The notion of topological similarity was introduced by Rosendal [17] who used it to give simple proofs of the non-existence of comeager conjugacy classes in groups such as the isometry group of the Urysohn metric space or the group of all Lebesgue measure preserving automorphisms of the interval [0, 1] . A tuplef = (f 1 , . . . , f n ) in a topological group G is said to be topologically similar to a tuple (g 1 , . . . , g n ) if the map sending f i → g i extends (necessarily uniquely) to a bi-continuous isomorphism between the countable topological groups generated by these tuples. The topological n-similarity class off is then the set of all n-tuples in G that are topologically similar to it. Clearly, if two tuples are diagonally conjugate, then they are topologically similar.
In Section 4, we study under what circumstances, a non-archimedean Polish group G, as well as L 0 (G), have all topological similarity classes meager. We will prove (Theorem 4.3) that the automorphism group G = Aut(M) of a countable structure M such that algebraic closures of finite subsets of M are finite, has only meager topological n-similarity classes, provided that comeagerly many n-tuples in G generate a nondiscrete and non-precompact group. As a matter of fact, we obtain a general trichotomy (Theorem 4.4) that relates the structure of subgroups generated by tuples with the structure of their topological similarity classes. Namely, for every tuplef in G, one of the following holds:f generates a precompact group orf generates a discrete group orf has meager topological similarity class. We also prove a trichotomy (Theorem 4.7) that involves the Hrushovski property and implies that if G = Aut(M) has ample generics then either M has the Hrushovski property or the 1-Hrushovski property fails.
If, moreover, there is a dense n-diagonal conjugacy class in G, the same conditions on G as in the statement of Theorem 4.3 imply that all topological n-similarity classes in L 0 (G) are meager (Theorem 4.16), and we prove that an analogous trichotomy to the one stated in Theorem 4.4 holds for tuples in L 0 (G) (Theorem 4.17). We will combine Theorem 4.3 with Lemmas 3.13 and 5.7 in [19] about comeagerness of the set of pairs generating a non-discrete group and recover results of Slutsky [19] that topological similarity classes of automorphism groups of rationals and of the ordered rational Urysohn space are meager, and we will generalize them to L 0 (G), where G is one of these two groups.
2. Preliminaries 2.1. Groups of measurable functions. Let X be the interval [0,1] and let µ be the Lebesgue measure. Let Y be a Polish space, we then define L 0 (X, µ; Y ) to be the set of all (µ-equivalence classes of) measurable (equivalently: Borel) functions from X to Y . We equip this space with the convergence of measure topology.
The neighborhood basis at
where d is a fixed compatible complete metric on Y . This topology does not depend on the choice of the metric d on Y . Then we immediately see that the sets
also form a neighborhood basis at h. The collections of sets {[h,
. Instead of taking all h ∈ L 0 (X, µ; Y ), we could consider only those in some dense set, e.g., the set of step functions fā, whereā = (a 1 , . . . , a n ) is an n-tuple in Y , and fā is defined by
The space L 0 (X, µ; Y ) is metrizable by the metric
The metric ρ is complete, and L 0 (X, µ; Y ) is a Polish space. When Y = G is a Polish group, then L 0 (X, µ; G) is a Polish group as well, with the identity equal to the constant function with value equal to the identity in G and the multiplication and inverse are given pointwise: (f g)(x) = f (x)g(x) and (f −1 )(
For a given B ⊆ Z, we let
For short, we will often write L 0 (Z) instead of L 0 (X, µ; Z).
Countable structures and non-archimedean groups.
A structure is a set with relations and functions. A structure M is called ultrahomogeneous if every isomorphism between finite substructures of M can be extended to an automorphism of M. In this paper, we will work only with countable and locally finite structures, i.e., countable structures all of whose finitely generated substructures are finite. A Polish group is non-archimedean if it admits a neighbourhood basis at the identity consisting of open subgroups. It is well known that non-archimedean Polish groups are exactly those that can be realized as automorphism groups Aut(M) (equipped with the pointwise convergence topology) of ultrahomogeneous structures M or, equivalently, Fraïssé limits of Fraïssé classes of finite structures. For more details about the Fraïssé construction, and terminology related to it, see [4, Chapter 7] . In particular, we will be using the notion of age, denoted Age(M), of a structure M (i.e. the class of all finite substructures embeddable in M), and its properties such as the joint embedding property or the amalgamation property.
Comeager conjugacy classes in
The main result of this section is the following theorem. Since we can naturally identify the groups L 0 (G) n and L 0 (G n ), in fact, we obtain a stronger result.
Let a Polish group continuously act on a Polish space. As each non-meager orbit is comeager in some non-empty open set, and two different orbits cannot intersect, the number of non-meager orbits is bounded by the cardinality of a basis for the topology. Thus, there can be only countably many non-meager orbits, and every dense and non-meager orbit is comeager. Therefore the proof of Theorem 3.1 will follow immediately from the following two claims, which we prove in Sections 3.1 and 3.2, respectively. 
We will use the following lemma.
Proof. The proof goes along the lines of the beginning of the proof of Theorem 6 in [9] . For completeness, we will sketch it here. The inclusion ⊆ is clear. For the opposite inclusion, suppose that a measurable function g is such that g(x) ∈ G.f (x) for almost all x ∈ X. Without loss of generality, g is Borel and for every x ∈ X, g(x) ∈ G.f (x). Consider the analytic set S = {(x, h) ∈ X × G : g(x) = h.f (x)} and using the Jankov-von Neumann uniformization theorem, obtain a measurable map φ ∈ L 0 (G) whose graph is contained in S, that is, g = φ.f , so it belongs to L 0 (G).f .
3.1. Proof of Claim 1. We start with the following observations. Lemma 3.5. Let X be a Polish space and let Y be a Polish G-space.
For any Borel function
is an increasing sequence of nowhere dense sets whose union covers G.f (x).
Proof. First, we show that the set of all closed nowhere dense sets in Y is Borel in the standard Borel space F (Y ) of closed subsetes of Y . Indeed, we know that the relation R( [8] , page 76). Enumerate a countable basis of open sets in Y into {U n }. Then
Next, we show that for every open neighborhood U of e in G, the function that takes y ∈ Y and assigns to it U.y is Borel. Indeed, let (g n ) be a dense set in U. As
Finally, let (U n ) enumerate a countable basis of open sets in Y . For each n, the function H n that takes y ∈ Y and assigns to it U n .y is Borel, and so the function H :
As for every open U the set {y ∈ Y : U.y ∈ NWD} is Borel, the function M : Y → F (Y ) given by M(y) = U n .y where n is the least such that U n .y, or equivalently U n .y, is nowhere dense, is Borel.
Lemma 3.6 generalizes Lemma 2 from [9] , which (after rephrasing) is for F which is constant.
Proof. Let (g n ) be a sequence in C that converges to some g ∈ L 0 (Y ). Since every sequence convergent in measure contains a subsequence that converges almost surely, without loss of generality we can assume that (g n ) converges almost surely to g.
Suppose towards a contradiction that g / ∈ C. That means that for
is the ball in Y which is centered at x and has radius ǫ. Then (B k ) is an increasing sequence of measurable sets whose union is X \ A g , which implies that µ(B k ) converges to 1−µ(A g ). Take k 0 such that µ(A g )+µ((X \A g )\B k 0 ) < a, and take g l such that µ({x :
is an increasing sequence of nowhere dense sets whose union covers G.f (x), for readability denote (F (x))(n) by F n (x). Fix some 0 < ǫ < 1. For every n the set
Suppose towards a contradiction that L 0 (G).f is non-meager. Then since L 0 (G).f ⊆ n C n , there is n 0 such that C n 0 is non-meager. As C n 0 is closed and non-meager it has a non-empty interior, and hence there is a non-empty open set
where s is a step function. Consider the Borel set with open vertical sections
as a subset of W , has all vertical sections meager. By the uniformization theorem for Borel sets with all sections non-meager, or by the Jankov-von Neumann uniformization theorem (see [8] ), there exists a measurable function h : X → Y whose graph is contained in W \ B. In particular, h ∈ [s, δ] and h / ∈ C n 0 , which gives a contradiction.
Proof of Claim 2.
Let us start with some observations.
Proof. As the closure of B is also not dense in Y, without loss of generality, we can assume that B is closed. Then the set L 0 (B) is closed. Indeed, it follows from the fact that every sequence convergent in measure has a subsequence which converges almost surely. It is therefore enough to show that L 0 (B) does not contain any open set. Take f ∈ L 0 (B) and p / ∈ B, and let ǫ > 0. We show that [f, ǫ] is not contained in L 0 (B). For that pick any Borel set A ⊆ X satisfying 0 < µ(A) < ǫ and take
If X \ A 0 has measure 0, the orbit of f is contained in L 0 (A 0 , µ 0 ; B 0 ), and we are done by Lemma 3.7. Otherwise, put
is a probability measure on A i . The space L 0 (Y ) can be identified in a natural way with the space
As L 0 (A 0 , µ 0 ; B 0 ) is nowhere dense, by the Kuratowski-Ulam theorem, its product with L 0 (A 1 , µ 1 ; B 1 ) is a meager set, and so is the orbit of f .
Topological similarity classes
Let G be a topological group. For an n-tuplef = (f 1 , . . . , f n ), we let f denote the countable subgroup of G generated by the set {f 1 , . . . , f n }. Recall from the introduction that the topological nsimilarity class off is the set of all the n-tuplesḡ = (g 1 , . . . , g n ) in G such that the map sending f i → g i extends (necessarily uniquely) to a bi-continuous isomorphism between the subgroups f and ḡ of G generated by these tuples. Observe that topological similarity classes, being coanalytic sets, always have the Baire property.
Let F n = F n (s 1 , . . . , s n ) denote the free group on n generators s 1 , . . . , s n . By a reduced word in F n , we mean a sequence of generators s i 0 . . . s i k with no element followed by its inverse. For u, v ∈ F n , let uv be the word obtained by concatenating u and v. For w ∈ F n , and an n-tuplē f in G, the evaluation w(f ) denotes the element of G obtained from w by substituting f i for s i , and performing the group operations on the resulting sequence.
By a partial automorphism of a structure M, we mean a mapping p : A → B, where A, B ⊆ M are finite, that can be extended to an automorphism of M. Note that we do not require A, B to be substructers, so, in fact, partial automorphisms in this sense are just names for elements of an open basis in Aut(M). For an n-tuple of partial automorphismsp of M, we denote by [p] the open set of all thosē g ∈ Aut(M) n that extendp. If G (respectively L 0 (G)) is equipped with a metric, g ∈ G (respectively L 0 (G)), and ǫ > 0, then U ǫ (g) denotes the ǫ-neighborhood of g in G (respectively L 0 (G)).
Lemma 4.1. Let G be a Polish group, and, for a fixed n, let {u k } be a sequence of reduced words in F n . For every n-tuplef in G such that f is non-discrete in G there exists a sequence of reduced words
Proof. If n = 1, the conclusion is clear.
For the rest of the proof, suppose that n ≥ 2. Fix a neighborhood basis at the identity {V k } in G. Forf ∈ G n such that f is nondiscrete, fix reduced words {v
Fix k 0 ∈ N, and suppose that the word u k 0 is of the form s 1 u
At least one of u
, after reducing, does not end in s (one has to check a number of cases here: the reduction of v
In an analogous manner we deal with the case that
For a structure M, and finite subset A ⊆ M, let Aut A (M) denote the subgroup of all f ∈ Aut(M) that pointwise stabilize A. The algebraic closure of A, usually denoted by acl M (A) is the set of all elements in M whose orbits are finite under the evaluation action of Aut A (M) (see [4] for more information on this notion). We say that A is algebraically closed if acl M (A) = A. It is easy to see that acl M (acl M (A)) = acl M (A), and that for every algebraically closed A ⊆ M, and a ∈ M \ A, the orbit of a under the action of Aut A (M) is infinite.
We say that M has no algebraicity if every finite A ⊆ M is algebraically closed. Note that M has no algebraicity iff for every finite A ⊆ M, and every finite set B ⊆ M \ A, the orbit of B under the action of Aut A (M) is infinite.
It is easy to see that a non-archimedean Polish group G is precompact iff every orbit under the evaluation action of G is finite. Proof. We will show that for every sequence {w k } of reduced words in F n such that for every reduced word u there exist infinitely many k with w k = v k u, the set
is comeager in U. To see that this implies the lemma, suppose that an n-tuplef generates a non-discrete group. By Lemma 4.1, there exists a sequence {w k } as above, and such that w k (ḡ) → e for everyḡ in the similarity class C off . But then C must be meager in U. Fix a sequence {w k } as above.
Fix an open, non-empty V ⊆ U. Because f is non-precompact for comeagerly many n-tuplesf in V , there exists a ∈ M such that the orbit f .a under the evaluation action of f on M is infinite for non-meagerly many n-tuplesf in V . Thus, there exists an n-tuplep of partial automorphisms of M such that [p] ⊆ V , and the orbit of a is infinite for comeagerly many tuplesf in [p] . In particular, for every n-tupleq of partial automorphisms extendingp, there exists u ∈ F n such that u(q)(a) is not defined.
Fix k ∈ N, and let
We show that P k is dense in [p] . Fix an n-tuple of partial automorphismsq extendingp. Our definition of the partial automorphism immediately implies that any (surjective) partial automorphism r : A → B extends uniquely to a (surjective) partial automorphism r : acl(A) → acl(B). We can therefore assume that the domain, and thus the range, of every partial automorphism inq is algebraically closed. Fix u ∈ F n such that u(q)(a) is not defined. Find l ≥ k with w l = vu, and write w l (q) = z 1 . . . z m . Let i 0 ≤ m be the largest number such that z i 0 . . . z m (a) is not defined.
We show by induction on i 0 = 1, . . . , m that ifq and z 1 , . . . , z m are such that w l (q) = z 1 . . . z m and i 0 is the largest number such that z i 0 . . . z m (a) is not defined then there is an n-tupler of partial automorphisms extendingq such that w l (r)(a) is defined and not equal to a.
If i 0 = 1, we use the fact that dom(z i 0 ) is algebraically closed and a ∈ dom(z i 0 ) to extend z i 0 to z If i 0 > 1, also using algebraic closedness of dom(z i Clearly, each
The above lemma yields a general condition implying meagerness of topological similarity classes.
Theorem 4.3. Let M be a structure such that algebraic closures of finite subsets of M are finite, and let G = Aut(M). Suppose that, for some n, there are comeagerly many n-tuples in G generating a nonprecompact and non-discrete subgroup. Then each n-dimensional class of topological similarity in G is meager.
As a matter of fact, we obtain the following trichotomy.
Theorem 4.4. Let M be a structure such that algebraic closures of finite subsets of M are finite, and let G = Aut(M). Then for every n and n-tuplef in G:
• f is precompact, or • f is discrete, or • the similarity class off is meager.
Proof. Fix an n-tuplef in G, and suppose that its similarity class C is non-meager. Then it is comeager in some non-empty open U ⊆ G n . By the last statement of Lemma 4.2, eitherf generates a discrete group or the assumptions of the lemma are not satisfied, i.e., there are nonmeagerly many tuples in U that generate a precompact group. But then the set of such tuples must intersect C, which implies thatf also generates a precompact group. Remark 4.5. We would like to point out that in the above results, even though we allow n = 1, in fact, only values larger than 1 provide any new insight. This is because in all non-archimedean Polish groups, subgroups generated by elements must be either discrete or precompact (see Lemma 5 in [13] ).
Recall that an ultrahomogeneous structure M has the Hrushovski property if for every n ∈ N, A ∈ Age(M), and tuple (p 1 , . . . , p n ) of partial automorphisms of A, there exists B ∈ Age(M), such that A ⊆ B, and every p i can be extended to an automorphism of B. Similarly, M has the n-Hrushovski property if the above holds for the given n. Clearly, M has the Hrushovski property if and only if it has the nHrushovski property for all n ∈ N.
It is well known that the existence of ample generics in the automorphism group of an ultrahomogeneous structure M is implied by the Hrushovski property, provided that sufficiently free amalgamation is present in Age(M) (in case of actual free amalgamation, it is implicit in the results from [5] ). This is true for the random graph (because finite graphs can be freely amalgamated) or the rational Urysohn space (because finite metric spaces can be metrically-free amalgamated). On the other hand, there exist groups with ample generics that are of a different type. For example, the automorphism group of the countable atomless Boolean algebra (equivalently, the homeomorphism group of the Cantor space) has ample generics and a generic automorphism in this group generates a discrete subgroup, therefore the countable atomless Boolean algebra does not even have the 1-Hrushovski property.
The following lemma can be extracted from the proof of Proposition 6.4 in [10] , where it is shown that the Hrushovski property is equivalent to the existence of a countable chain of compact subgroups whose union is Aut(M).
Lemma 4.6. Let M be an ultragomogeneous structure. Then, for every n, M has the n-Hrushovski property if and only if densely many ntuples in Aut(M) generate a precompact subgroup of Aut(M) if and only if comeagerly many n-tuples in Aut(M) generate a precompact subgroup of Aut(M).
Proof. Fix n ∈ N. The set of n-tuples in Aut(M) that generate a precompact subgroup of Aut(M) is a G δ , which implies that the second and the third statements are equivalent.
Suppose that M has the n-Hrushovski property, and fix an n-tuplep of partial automorphisms of M. Thenp can be extended to an n-tuplē f of automorphisms of M such that all orbits under the evaluation action of f are finite, i.e., f is precompact. Indeed, using the Hrushovski property and the ultrahomogeneity of M we can find a sequence A 1 ⊆ A 2 ⊆ . . . of finite substructures of M, whose union is M, and partial automorphismsp ⊆p 1 ⊆p 2 ⊆ . . . such that the domain and the range of every function inp i is equal to A i . Thenf = ip i is as required. This shows that densely many n-tuples in Aut(M) generate a precompact subgroup of Aut(M).
On the other hand, if M does not have the n-Hrushovski property, there exists an n-tuplep of partial automorphisms that cannot be extended to suchf , which means that every n-tuplef of automorphisms of M extendingp is non-precompact. (
1) M has the Hrushovski property, (2) M does not have the 1-Hrushovski property, (3) there exists n such that none of n-dimensional topological similarity classes in Aut(M) is comeager. In particular, Aut(M) does not have ample generics.
Proof. Suppose that M does not satisfy (1) and (2), i.e., there exists n such that M does not have the n-Hrushovski property but it has the 1-Hrushovski property. Then, by Lemma 4.6, there are comeagerly many automorphisms in Aut(M) generating a precompact group. Moreover, it is not hard to see that our assumption that algebraic closures of finite subsets of M are finite, implies that there are densely many (and so comeagerly many) automorphisms generating an infinite group. It follows that there are comeagerly many automorphisms in Aut(M) generating a non-discrete group, and thus that there are also comeagerly many n-tuples generating a non-discrete group. Now, again by Lemma 4.6, there is a non-empty, open U ⊆ Aut(M) n such that comeagerly many n-tuples in U generate a non-precompact group. Thus, there are comeagerly many n-tuples in U generating a non-discrete and non-precompact group. By Lemma 4.2, every ndimensional topological similarity class in Aut(M) is meager in U, so, in particular, none of n-dimensional topological similarity classes in Aut(M) is comeager.
For a property P we say that a generic n-tuple has the property P if {f ∈ G n :f has the property P } is comeager in G n . Proof. Hrushovski property together with the free amalgamation property easily imply that (ii) of Theorem 6.2 from [10] is satisfied (cf. pages 332-333 in [10] ). Therefore Aut(M) has ample generics, and hence there exists a comeager n-similarity class in Aut(M) for every n.
On the other hand, if there exists a comeager n-similarity class in Aut(M) for every n, Corollary 4.8 immediately implies that M has the Hrushovski property.
Remark 4.11. There are structures M without the free amalgamation property, for which amalgamation is very canonical, and by essentially the same argument the Hrushovski property implies that Aut(M) has ample generics. An example of such an M is the rational Urysohn space (see pages 332-333 in [10] ).
Below, Q denotes the ordered set of rational numbers, and QU ≺ denotes the randomly ordered rational Urysohn space, i.e. the Fraïssé limit of the class of linearly ordered finite metric spaces with rational distances. Clearly, for M = Q or M = QU ≺ , M has no algebraicity, therefore every finite subset of M is algebraically closed, also every nonidentity element in Aut(M) generates a discrete group. This implies that every element, and hence also every tuple of elements, in Aut(M), generates a non-precompact group. It was proved in [19, Lemma 3.13] and [19, Lemma 5.7] that the set of pairs generating a non-discrete group is comeager in Aut(M)
2 . Thus, we get We will now study topological similarity classes in L 0 (G). Proof. As in the proof of Lemma 4.2, it suffices to show that for every sequence {w k } of reduced words in F n such that for every reduced word u there exist infinitely many k with w k = v k u, the set
Suppose that there are comeagerly many n-tuples in G generating a non-precompact subgroup of G. Fix a sequence {w k } as in the statement of the lemma. Similarly to the proof of Lemma 4.2, we show that for every open, non-empty
Fixf ∈ V , and 0 < ǫ < 1 such that U ǫ (f ) ⊆ V . Without loss of generality, we can assume that the tuplef consists of Borel mappings. As in Lemma 4.2, for every x ∈ X there is a x ∈ M, and an n-tuplep x of partial automorphisms of M such that [p x ] ⊆ U ǫ (f (x)) ⊆ G for every x ∈ X, and the orbit ḡ .a x is infinite for comeagerly manyḡ ∈ [p x ]. Observe that the functions x → a x , x →p x can be taken to be Borel. Indeed, let {a m } be an enumeration of M, and let {p n } be an enumeration of all partial automorphisms of M. Then we can put a x = a mx ,p x =p nx , where
By the Montgomery-Novikov theorem, category quantifiers over Borel sets yield Borel sets, so the above formulas define Borel functions. In particular, the set
is Borel, and, using the Jankov-von Neumann theorem, we can choosē
Fix a ∈ M and an n-tuple of partial automorphismsp such that the set
It is easy to see that each P k is open. We will show that each P k is also dense in V 0 , which will imply (as in Lemma 4.2) that V 0 is as required. Fixf 1 ∈ V , δ > 0, and a set W 0 as above. Becausef 1 (x) ∈ [p] for x ∈ W 0 , for every x ∈ W 0 there is an n-tupleq x of partial automorphisms of M extendingp, and u x ∈ F n such that [q x ] ⊆ U δ (f 1 (x)), and u x (q x )(a) is not defined.
We will find W 1 ⊆ W 0 with µ(W 1 ) > ǫ 0 /4, and a single u ∈ F n such that u(q x )(a) is not defined for x ∈ W 1 . For v ∈ F n , m ∈ N, let
Let {v i } be an enumeration of F n . Note that for every i ∈ N we can fix m i ∈ N such that
Clearly, for every i ∈ N, and u i = v
is not defined or u i (q x )(a) = a for all x ∈ C. Now, by the Borel-Cantelli lemma applied to the sequence
But for every x ∈ W 0 there are in fact infinitely many v ∈ F n such that v(q x )(a) is not defined, so each i≥i 0 B v i ,m i must be empty. It follows that B v \ A v is null, and, since µ(
i=0 A v i ,m i )∩C and u = u j 0 , we have that µ(W 1 ) > ǫ 0 /4, and u(q x )(a) is not defined for x ∈ W 1 .
Fix l ≥ k with w l = vu. Arguing as in the proof of Lemma 4.2, for every x ∈ W 1 , we findr x extendingq x , and such that w l (r x )(a) is defined and not equal to a. It is straightforward to verify that the function x →r x can be taken to be Borel (just write down the formula definingr x to see that it is Borel). By the Jankov-von Neumann theorem, there existsf 2 ∈ U δ (f 1 ) such thatf 1 (x) ∈ [r x ] for x ∈ W 1 . Because µ(W 1 ) > ǫ 0 /4, and d(w l (f 2 (x)), Id) > ǫ 0 for x ∈ W 1 , we get that ρ(w l (f 2 ), Id) > ǫ 0 /4, i.e.,f 2 ∈ P k . Asf 1 and δ were arbitrary, this shows that P k is dense.
The case that there are non-meagerly many n-tuples in G generating a non-precompact subgroup is essentially the same.
Lemma 4.14. Let G be a non-archimedean Polish group. Suppose that, for some n, G has a dense n-diagonal conjugacy class, and the set of n-tuples in G generating a non-discrete group is comeager. Then the set of n-tuples in L 0 (G) generating a non-discrete group is comeager as well.
Proof. We can think of G, with a fixed metric d, as the automorphism group of the Fraïssé limit M of some Fraïssé class F . As the set of n-tuples generating a non-discrete group is a G δ in L 0 (G), we only need to show that it is dense.
Step functions fā form a dense set in L 0 (G), so it suffices to prove that for every k, and every sequencē p j = (p Fix suchp j , j ≤ n. Let A i ∈ F , i ≤ k, be structures generated by j (dom(p i j ) ∪ rng(p i j )). As G has a dense n-diagonal conjugacy class, by [10, Theorem 2.11] , the family of all (A,p), where A is a finite subset of M, andp is an n-tuple of partial automorphisms of A, has the joint embedding property. Thus, there exists A ∈ F , an ntuplep = (p 1 , . . . , p n ) of partial automorphisms of A, and embeddings 
for every i ≤ k, j ≤ n. Because the set of n-tuples in G generating a non-discrete group is comeager in G n , there exists an extensionq = (q 1 , . . . , q n ) ofp, and w ∈ F n such that w(q) = e but w(q)(a) = a for a ∈ A. As M is a ultrahomogeneous, we can extend each e i to a partial automorphism f i in such a way that f
is defined for every a ∈ A i . Putq j , j ≤ n, to be tuples of the form (f
For the sake of completeness, we also point out the following fact.
Lemma 4.15. Let G be a Polish group. Suppose that for some n, set of n-tuples in L 0 (G) generating a non-discrete group is comeager. Then the set of n-tuples in G generating a non-discrete group is comeager as well.
Proof. Since the n-tuples in G generating a non-discrete subgroup form a G δ set in G n , it is enough to show that the set of such tuples is dense in G n . In G, take non-empty open subsets U 1 , . . . , U n . Take some 0 < ǫ <
As each V i is open, we can fixf = (f 1 , . . . , f n ) ∈ V 1 × . . . × V n and a sequence of words (w k ) such that w k (f ) → 0. Without loss of generality, by passing to a subsequence, this convergence is pointwise on a set of full measure. Let A i = {x ∈ X : f i (x) / ∈ U i }. But then, for every x / ∈ i A i (and by the choice of ǫ there are such x), we have that w k (f (x)) → 0, i.e., f (x) ∈ U 1 × . . . × U n , and f (x) generates a non-discrete subgroup.
As before, Lemmas 4.13 and 4.14 lead to the following: (1) G has a dense n-diagonal conjugacy class; (2) there are comeagerly many n-tuples in G generating a nonprecompact and non-discrete subgroup. Then each n-dimensional class of topological similarity in L 0 (G) is meager.
Proof. Suppose that there exists an n-tuple in L 0 (G) with non-meager class of topological similarity. By Lemma 4.13, it generates a discrete group, i.e., the set of n-tuples generating a discrete group is non-meager in L 0 (G). Then Lemma 4.14 implies that the set of n-tuples in G generating a non-discrete group is not comeager, which contradicts the assumptions.
Theorem 4.17. Let M be a structure such that algebraic closures of finite subsets of M are finite, and let G = Aut(M). Suppose that for some n, G has a dense n-diagonal conjugacy class. Then, for every n-tuplef in L 0 (G):
Proof. Fix an n-tuplef in L 0 (G), and suppose that its similarity class C is non-meager in L 0 (G) n . Our assumption on the existence of a dense n-diagonal conjugacy class in G implies that there also exists a dense n-diagonal conjugacy class in L 0 (G) (see Lemma 4 in [9] and Lemma 3.4). Then, since the n-tuples in L 0 (G) with dense conjugacy classes form a G δ set, this implies that comeagerly many n-tuples have dense conjugacy class. Thus, C must be in fact comeager. Now, by the last statement of Lemma 4.13, eitherf generates a discrete group or the assumptions of the lemma are not satisfied, i.e., there are non-meagerly many tuples in G that generate a precompact group. But then the set of such tuples must intersect C, which implies thatf also generates a precompact group. Proof. As in Corollary 4.12, for M = Q or M = QU ≺ , we observe that M has no algebraicity and every non-identity element in Aut(M) generates a discrete group. This implies that every element, and hence also every tuple of elements in Aut(M), generates a non-precompact group. It follows from [19, Lemma 3.13] , [19, Lemma 5.7] that the set of pairs generating a non-discrete group is comeager in Aut(M)
2 . Thus we only need to show that Aut(M) has a dense 2-diagonal conjugacy class.
To see this for Aut(QU ≺ ), by [10, Theorem 2.12] , it suffices to observe that the family of all (A,p), where A is a finite subset of QU ≺ , andp is a pair of partial automorphisms of A, has the joint embedding property. But for all fixed pairs (p2 ) ). An analogous observation can be used in the case of Aut(Q).
Finally, we observe that if, for some non-archimedean Polish group G, comeagerly many elements in G generate a precompact group, then the situation is the same for L 0 (G). This stands in a sharp contrast with the general case: for example, the unit circle S 1 is compact, while L 0 (S 1 ) is not compact and it is not hard to see that comeagerly many elements in L 0 (S 1 ) generate a dense subgroup. Indeed, for each n, the set of topological 1-generators of (S 1 ) n is dense in (S 1 ) n , in fact every n-tuple that consists of independent irrationals topologically generates (S 1 ) n . Proof. Suppose that the set P ⊆ G n of all elements generating a precompact group is comeager. Then, by [9, Lemma 5] , the set R ⊆ L 0 (G) of f such that f (x) ∈ P for almost all x ∈ X is comeager in L 0 (G). Fix f ∈ R, and a sequence {f We do not know whether Proposition 4.19 holds also for tuples of elements from G. On the other hand, it is easy to see that, if comeagerly many n-tuples in G generate a discrete group, then comeagerly many n-tuples in L 0 (G) also generate a discrete group. This is because everȳ f ∈ L 0 (G) such that f (x) is discrete for almost all x ∈ X, generates a discrete group.
